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Introduction 

C onstrained ,djustmenls nre qui!� CommOn in 
Ihl' I'roc�s�ing 0/ survey dnl.1. Every time we 
adJ"s! a n.w ;urvey into on existing eoonii

nale sySiem by u,;ng existing control points, we arC 
perlo,ming . cor"trained adju stmtnt. 

The control n.twork is intend.d to h.Ip surveyors 
piKe 'heir surveys ;n'o some large< coordinale sy,.. 
tern, deU�cl blund�rs in Ihdr observalions, and con
lrol the build·up of the effect of observation.1 emlrs 
on tht �djusted coordin"tes. However, th<,«,'''' dr
cums,"nc"s under which conttol network, become 
inadequate for Ihcir intended purpose. Whcn thi. 
h.'ppens, sl'rveyors may have difficltlty fillin!: a new 
.�rvty Inlo Ihe ui,ling control nClwo,k. Misclosure. 
mJY be mu�hlartn th.n �xpecttd, and th. difl�",nce 
brlw •• n observed and adjusted valu6 01 ol>s<:rv�. 
lion� may br much I.rger than c�n be explained by 
obs<'rvJtion,1 �rTor. 

l:r(!(! and Constrain(!d Adjustnl(!nts 

In the majority o. Ie.�t-squa",s adjustmenl problcms, 
\h� unknown par" meier. ore th� coordinales ot phys. 
i<"ol points. When roocdinates ue l1oed. il i. �sually 
n<"«SS."y 10 n" Ihe (ooniinaleS 01 one or mor. points 
to definc the coordinate system. The 'l1lVey obser' 
vations alone uc not sufficient. Angle obsnva�ons 
n" completely independ�nt 01 any coordin.t. sys. 
lem. Jnd therdol't connot tell uS anything about ac· 
tu.l coordrn" ..... Dist.nce obselV.UOn$ teU uS only 
.bout th. 5<:.le of a cooniin>te system, not its ori· 
c"t�lion or position, 

In .Il adjustment 0"" can fix a coordin�tc by in
dudi,,!: an approl'ri",� "'1u.1t;on Ib,1t specifies Ihe value 
to b<' aSSIgned to Ihe word,n.le, ,"'h '�" � 0, y, 
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_ O. Such �u�ti(}n' have the S3!TW: fo,m U "'gulM 
ob�rvation equations, bUl dO not r�pft'Sent Jct ual 
observAlions. Th�y ore <ometimC$ callce! "di .. ,,,, oil· 
8",v,ltion. of coordinale." "nd 50"'�tim�s c.lled 
"conSI",i"l equ.tions:' 

Convemion.lIy, we use Ihe words "free adjust_ 
m .. nt" to de5C'l'ibt: an adjustmtnt th�1 uses just the 
number of constraint equatiOns ne«ss<lry to define 
th .. coordirutte sy<l�m, but no more. When mo", con· 
stu,nt "'1u�tioM .. '" u=<i, w, Py .""t WI' have .. 
"constr;>.ined .dju"m�nt." Th .. word,ng is perhaps a 
bit misleading. since" fr ..... adjuslmenl indeee! on 
include COMtr.;nl equ •• ions (11w", n«cs<ary lo de· 
fine the co<>r�i n.le s�'tem). Man� �ulho", prefer the 
ph", .. "",in;",,,l ronstroilll adjus.ment" to denote" 
free adjustm�nt; unfortunately, Ihe use of Ihis morf 
de,criptiv� phrase is not univ .. rSltI. When more than 
Ihe minirnum numbeT of constra,nt �Mions are used, 
Ihe .nulting adjusted quantities Ire con.trainro not 
only to be in Ih .. prD�r coordin.le system, bu. al$O 
10 fit Ihe additional constraints. 

Consider the horiwntal survey shown in figure I .  
Suppo"" llt'l points I and J �re pre·exb'mll m.uh 
�"d we fI'" a trav"""" between them. �Ilin!: Ihe n"w 
mnrks I and 2 in the pro<:O'SS. We mt�sure Ihe dis· 
t.,nces I . L I . 2, and 2 . J. as wet! u the angies I • 
I • 2 and 1 • 2 • J. Thu. we have live "'�.surement. 
with which to det�rmme the lour word,nat�< of the 
two n .. w point.-a Tedund;.ncy of One. 

Thcre �re .. le .. t two common ways ... , trcat,ng the 
(oordin.tes 01 the old pomts. In a Ilo"lont�l nelwork 
thot cont�in. distance ooscrv.,!to,u. we n""d tlz .... ,· 

quanllties to define the coo,d,n�lc loy.le,n two to 
deOne Ihe origin "t1d o"e for th� ori�rll.'tio". n",. 
we mighl perform a Irec adjuslm�nt lly ronstr.,,,,,,,s 
bolh coordin't�s 01 point I 4nd onf 01 the two c!}!}r, 
dinates 01 point J. Altrrn,Uvcly, we might cons"�rn 
Ihe two coord;n,I •• of poinl I "".I Iht 8�lmuth lrum 
I 10 r. 

Free adiustm�n .. have th� d,sturbin!: property tll.t 
things 1l'I<l\'� when Ih�y should "�y fixtd. In a 'r� 
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.djllstment of the cXMnpl. network, point I is .till 
(noe to "'ove in one direction. This is not goocl, si,,,",, 
the coordinates of point I have already be.n dcter· 
mined "nd publi.hed. It might be p'efer�blo '0 make 
,ur� th"t,he existing control stays fixed by constrain
ing both coordinates of both point I and point J i n  a 
constra,ncd ,di"stmcnl. 

Why a Constrained Adjustment is Good 
O�r int�nl i:; Ihat the c(lordin�tes Qf th� old points I 
and J serve to "contro]" the new ,urvey. n,�e old 
coordinates �ctna]ly accomplish this in three differ.nt 
ways. First, they serve to define the origin and ori· 
"n("lion of the new survey so thM the coordinates of 
the new points I 'nd 2 an': in the same coordinate 
system "s the old points_ SewI\d, thcy provide � m,'anS 
of delecting blunders in the new survey. Third, the 
coostr"ined .,dinstment dampens the build.up of the 
db:t of accident.l errOL 

The argument a!>out conslraining Ihe dfect of ac· 
cidental observatio"al errors go., like this: The co· 
ordilulos of Ihe ""i,ting points are as,umed 10 be 
"oorreol" If Ihe free adju;tment has a misdo,ure"t 
point J. it must be because of errOrS in the new sur
vey. If the misclosure is large, we should look for J 
blunder il1 the observations. If it is within the toler
Rn(e allowed fot this type of survty, we disl,ibtlte 

and fOllr" ob.ervuti"ns" of the (oordinat�s of tlw Iwo 
old poinlS. We aho h�\'e eight unknown p3ramctetS 
.'Itogeth'" -two roordinal� for e.1ch of the fo"r point •. 
let th� tatal s�t of ob.erv.tion equation> be "'TLlten 
in �t�ndard ,,"'alian �s 

AX l+V OJ 
where A is Ih� design m.tnx (pMI,"1 derivative. of 
the obscrv.,lions with respe<t to the parameters), X 
'" 'he vcctOT of unknown pa<ameters (0' corrections 
to .lpproximate values of p",.,melers), L <ontain< the 
Ob5�Ive<1 values (obscTved minus computed term,), 
,nd V is the ve<:tor 01 re,id""I,. 

We partition th�se nine obscrv.lion "'Iu.tion. "'(0 
Ihree groups. Let 
A,X-L,+V, be the fi"e observation equation� 

arising from tne new survey. 
A,X-L,+V, be 'he three observal,on, of old oa

ordinate, (or functions of old <:oor
<1in,(e$) that �re "sed in the frei< 
adju,tm",,! to d�fin" the <:oordiMte 
system. Clearly Ihese «j".'tion, do not 
irwolve the coordinates of the new 
points 1 and 2, <0 A, wilt have ?_",oes 
in the columns corrcsponding to Ihose 
coordinates in X_ 

A,X_l,+V, be th� remaining observ'tio!1 oi.n 
old coordi""t� (or function of an old 
coord;n.,t"). 

let the covariance matrices • .,ociated with Ihe<e 
three set. of observations be denoted l:" L" .1nd 1:,. 
respectively_ Since 'he coordinates of the old control 
points are to be fixed, we will use 1:, _ 0 and�) _ 
O. !-lowevN, it will not hurt to carry these qu.nlitio. 
symboli(;.lty_ 

If we peTform on adjustment with ollly the [irst Iwo 
scts of observations, we obtain the I'oe-,djustmcnt 
estimate X- of X, with covariance m.trix L- _ If we 
then se'luenti.lly add the third set w� obt.", the 
updated (<:onstroined) e,tim,te 
X' =X- + l::-A�"( l::, t A,:E- An '(l, - A,x") (2) 

The conn.nce matrix of the updnted �Sllrn.1te i, 
,, � , - - "-A',' ' " "'A·"-'A ,' , - _ _ , � , T ,... " , _ [OJ 

Ih� misdosut._ Thc resulting adi�sted observations This is a well.known equation_ With � cha"ge of nO' 
are mOre acc"r.t" than the obse,ved v,l�es, ond the t.tion, it i. equation (4.118);n L>ick (Jm) Or e'l"'
odj"sIed c<x>rdin4te. from lh� con$tr.ined adjust- tion (13_5a) in Mikhail (1976). The second term on ,h. 
ment are more �CC\1[;lt" than tho,e from Ihe free right is " pU5it,ve "'midoO nite "';>Irix (whether or not 
.'djustmenL £, _ 0). Po,itive ..,midefi ",te matrices .1fe analogous 

We eM' .how 'his mothcm."ic.,lIy, Tile <on<!roint to number. ,h,lt "'e B'c"'e' th." Or "�Uilt to zero. 
<'<]u"'ion� lhot ar" lOSe<! to fix Ihe coorctinnies of Ihe Since'S' i. e�".'1 (0 S- min"s. pruilive "'middi""� 
conlrol points c�n � treated.15 rq�l1l«r ob,ervatitms mo(,i,. we soy Ihat L' ,; 'S-. This mean, thot th� 
· .. :hus� a<roc,ated vorL.nce is uro. Thu, we h,ve nine variance 01 .ny ��ale, function of X· IS less than or 
:':":':':':':":":':":'-:':':"""':'":'::' __ :':":'-:':':':m:::'''::'::":':''::':':':':'":: ::",:,:,:,:,:,::,,,:,=-,:,:,:,:,':nce of 'he ,.,me function evahLa,ed 
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·t X-. Intuitively, it me.nS that by adding n�w in
lormation (the third ",t of equation�) to an old set, 
we cannot m"ke thinss worse, and gene"liy m.,ke 
thing. bOiler. 

In principl�, il is possible to make a new ob."rv,,· 
tion th,t give. no new inform.tion about the p.r.m. 
elers. For in.t.ncc, ·.ve could m.kc an nddition.1 
observation of a pOTameter th.t i s  "lr�ady lixed, such 
ns one 01 the coordinates ot point 1 in the example. 
fbi< is why the second term On the right 01 equ.,t;"n 
(3) c,n be zero. In practice, this almost ,,�ver hap· 
pens. In pr�[tlCe, "Imost all new observations (in
dud; Ilg rodundant ron,!"i"t.) help. Sometime, they 
help only a little, but more olten they make the re
sult. ml1ch better. 

Why.1 Constrained Adjustment 
May Not Be So Good 

The previous scction ",em, 10 prove th.,t Ihe ron· 
st .. ined .dju.tment is "t least as good as, and may 
be much better than, the f,�e odju>tment. Further· 
,,"'re, the const .. ined .djustment "'"' oil the infor· 
motion avoibbk to us, which is intuitively preferabj� 
to a procedure that ignores some O"t,'. Why, then, 
do wo he .. �urvey"rs cumphin that they hav� 10 
··di<tort" or "degrade" highly accur.te G?S <urvcys 
to fit the existing NAO 83 control? 

Tho anSwer is that Ihe error.propagation equation. 
given abov�, .nd indeed .11 the crror·propog.tio� 
equ.tions usu.lly a'So<i,ted with least·squar�s ad_ 
iUSlmcnt$, depend on the .ssumption that the ad
justment was performed with a weight matrix that is 
inversely propo,tional to the covariance matrix of th� 
observations (Le., IV � "J ;£-'). This a,sumptio" d�s 
"ot hold when wo fix the control pOints, since we 
then carry out the adjustment , .. if the variances of 
the c<Jordinates nf these points were all zero, while 
we know that these points Jre not known perfectly. 

Least-squorcs estimate •• re often soid te> be optimal 
estilllJtes or, c'luiv,lently, minimum variance line .. 
u nbiased estjrn�tes. This means that the least_squares 
algOTithm c.n be derived from the rri�ciple th�t the 
covoriance matrix of the estim,ted p",aruet�rs must 
be smJlIest among all possible lincar unbiased �sti· 
mates th"t satisfy the ob�erv'tt"n equation •. 1"h� 
principle of minim\lm "/arian"" r"'lIy g"'" to the he"d 
of the motter-it �"P that we should pick the estj· 
m,>te that is the most 3t:C\lrate. For this reason, many 
a"alysts find th� principle of minimum variance to 
be more .atislyin� thon the princif,le thot simply S'Y5 
to minimize the sum o( $<juare., of the residuals. 
However, when the le"'t.�ua,es equatlOns ,1rC de· 
rived from the principle of minimum v"i,nc�, we 
mus! explicitly usc a weight motrix thot 15 inversdy 
proportiorul to the COVJ,iilnCe matrix of the obser· 
votions (Append;' C). 

This means that l�a<t-$(lUM�S "djustments uSing., 
weight matrix that is not inversely proportional to the 
CQva,i"nce malrix of the QbServ'lions do not have the 
minimum vori'nce property. Since they ore not op· 
tim,l, we CJn say th't they �'C suboptimal. In spit� 
of being less Ihan optimal, such ad justmems Me done 
all the tim�. In het, e"cry ronstrain�d adjuslment ,� 
which the control points ore held fixed i, subeptrm"!. 

Effect of Uncertain tics of the 
Fixcd Control 

The lamiti", €<[uotion 

£"x - <riN-' � <r�(ATIVA)-' 1'1 
which says th"t the covari�nce m"trix of the p"�m_ 
etef, is proportion,l to the invcrS<e or Ih� flormal 
�q"ations, doe' not 'pply without modification to 
ror"tT�ined adjustments. The mOdified �".tion i< 

" -�xx - ,.,.UA�WA)-r + (ATWA)-'ATW!)£cctf'WA(ATWA)-r 1'1 
where!) contain; the partial derivative. of the fiv£ 
new observations wilh respe�t to the fout coordirlates 
of the two control points I and " �nd 1:.oc is the cor· 
reet h·j covariance m.trix of the coordinate, of the 
control points. Since this equation;s nol well known, 
• derivation i, given ;n Append;, B. 

Equation (5) soy. th't th� 4x4 covariance m.trix of 
the coordinatC5 ollhe two new poinl. is the ,urn of 
two termS. The Hr,t lerm gives th� �MtriLution of 
the vori"nce of the five new observations, and might 
be called the internal error; th� second give. the COn
tribution of the reol uncertairdy of the lixed control, 
.nd might be called th. e't�rnal ern;>r. Thus we might 
write 

1" 
Equation (5) provides a m.thematic"l expl'nAtion of 
how control networks bewme inadequ"te. The ,los
.,ieal cancept, of cour"" is that th� conlrol network 
is supposed to be much mOre accurate th.n th� new 
densification .urvey. M.themati�.lIy, Ihis me�"s Ih"t 
:Sec should be so small (in compMiS<ln With 1:) th't 
the second term In equatton (.�) is much smaller til"n 
the lirSt term. As long as thi< i$ SQ, "'1"ation (4) Can 
be us�d as a reasonable "pproximotioll of ,,<["OltOn 
(5) . 

This is ;,,,Ieed how classical control networks are 
developed. We eXp<>C1 • rough cotrdot;on between 
purpose and accuracy: Primary network� sho\lld be 
S\":"�ycd to firsl·order OCCur.1CY; secondary "et"nrb 
10 second·ofder, etc. As long as this "'''gil corrdotion 
h<>ld$, we can use equation (4) instead of (5). 

The concept f"lls apart if the �c<u'"CY of !h� n�w 
s"rv�y arproach •• <>, exceeds thM of Ihe e,istins 
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control points. for instance, if we try to hI a second· 
order t,ave� �tween two third-order points. the 
result is not whit i. expected of second-order work. 
Th� uncc,t�inty 01 Ih� new poin" must � computed 
by equation (5), not equation (4). Unlorluna!�ly, this 
i. almost nCyer don� in practi("ll, with the resu!! that 
we orten do nOt know how to dtscribe tht '((uracy 
01 such points . 

We �I.o can look.1 wh't h.ppcns to the adjusled 
ob.serwtlons whrn the e)(isting control points arc helel 
fixed. As shown in Appendix 8, the cov�rian(c ma
tnx of the a djusu,d �fYations liso consists 01 two 
temll'. For uample, 

�<., . •  "�(A'WA)-'A' 

1" IA(A'WA)"A'W - II 
)( llI:ccU'[A(A'WA)-'A'W - Ilr (7) 

1/ the second term in this equation v,ni.hes, then we 
ore Ielt wilh the convention.1 cxprcuion 

Ef(ects on Free Adjustments 
Equation (5) _Iso holds for � IT« IdJustffinll. w� might 
perfonn I I...,., adjustment by f,xing only th� c0-
ordinate. neces.uy to define the roor<hruue system. 
Following the no"",,1 lent·squ.�. algorithm. w� 
lVould compute the rovanance matrix ,n equation (4). 
/-IowevOT, this only gi v e$ u� the uncertainty in th� 
adju.tod coordinates th,u is du� to th� uncerlainties 
of the neW Observations. II tells us hOw wotl the co
<)rdin�tes of the new poinlS ar� known relative to the 
fixed control, but not how well they are known rel
�Iiv� to the dMum as a whole. The se-oond lerm in 
equ�tion (5) accounts for the conlTibullOn of the un
certainty of the fixed control. 

A free adjustment can b<!- shown to have the prop· 
erty that the columns of matrix B Ole hne.r combi
naiions of Ihe relurnn" of matrix A, .,.y n • All for 
SOme matrix II. Then 

(8) and equation (5) becomes 

In this case, the difference between the rov�rian"" �x .. - al( ... " ...... )-, + lI�ccHr (II) 
matrix of the Ictual oJ:>s<,rvation, �nd that of the �d· 
justed observat,oru; is Even more intercsting.. we Ihen have 

l: - £,.,. _ 1: _ a:A(A'WA)-'A' 

- [I - A(ArWA)-'ArWI 
)( Yfl - A(A'WA)-'A'WjT (9) 

ThiS is " posi'ive ""midefinilc m.trix. Thus we can 
wri.� 

I'. 

which says thAt the ".rian"" of In adjusted obser
vation is always at least as s"",11 IS the v.rian"" of 
the �ctu.1 observation (i.e., the adjusted observations 
ore better). 

If the s«ond term in equation (7) does not vanish, 
equa tion (IO) do.s not necessarily hold. In lact, it is 
quite possible th.t the varian""s 01 Ihe adjusted ob
'ervAtion, oould be larger than the v.riancn of Ih� 
correspondtnJ: actual �fYations.!n other words, if 
we fix the control points, we might "'use the ad· 

justed ".Iue. of th� observations to be worse than 
the ,letuAI obsf:rved value,. 

lh� some atgu",�nts apply when we try to lit CPS 
vectors aCfurat� t o  1:1.000,000 i nto tht ex;shng NAO 
83 network, accur�le to aboul i:JO())X)(). We can in
deed �dju5t these vectors whilc holding the existing 
<ontrol fixed, but the cov.ri.nce rn�trix of the neW 
points must the" be computed by ""Iuation (5), not 
equation (4). The covaria� matrix of the adjuSted 
observ.hons musl be computed by equation (7). and 
equation (\0) n""y nor ho ld. 
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[A(",rWA)-'A7W _ 1111 
- IA(A7WA)"i\�WMt - "HI - 0 

so th.1 Ihe second term in equation (7) vanishes. This 
means Ihal @tjuation (to) hold� for all free adiu,!. 

"'ents, Irr<"p�clive 0/ how Ihe coordiMI. syotem is 
defined and of the uncert.inly of t� /ixed control. 
The coordinat�$ obtained in • free adjustment may 
be affected by the errors in the fixed control. but the 
adju.ted ob$f,rvations are not. This is the sense in 
which these adjustments are "free:' 

Practical Implic�tiol1s 
M�ny Su(vcyor, hay" on intuitive grasp 01 these 
mathemallal results. They say Ihal Ihe constr.ined 
.dju.tm�nt ·' distort.'· their observation •. This d""s 
n o t mean Ihat Ihe ob.c,,,�d v al uti are actoatty 
ch.nged; it means Ihal the adlu$ted values of the 
observations are more uncrrtain, .nd could, Ihere. 
fore, ha�e gre.ter errors .han Iht obo�rved ,·atUe5. 
Th�y rebel against this po,sibilily; no On� wa,m h,s 
Or her work to be ··dcgraded·· by putting it through 
a proces� th�t ca n produce wo .. � ruull< Ih,n {)ne 
st.1TI�d with. 

Thu' many s"rvqor, pnxessi"g CPS V&tors are 
(cj�ct!ng conSlrained adju<tments in favor of free "d· 
iustm�nts, fo, whkh �qu .. ion (to) holds. Oth� .. a", 
required by cont(�ct to fit their GPS .ur,,�y. ",to th� 
e�isting control network.. bul a� uncomfortable with 
this requ;�rnent to do so. 

,0> 
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The probl�ms dC5Cribtd h�r� mathellUtlC31ly are 

ind<>ed th� trouble with. CO!\5lTainM adjust_nt., and 
th� Ir"uble wilh the enli", conce pt 01 • hi ... ,chy 01 
control networks in whkh Ihe more aCClllolte ne!
works conlrollhe lower-order surveys. rrom lime 10 
IIm�, new Ittllnology come, along Illat all"",. new 
surveys I(} bt pt'rformed willl Iligller .ccuracy tllan 
Iht existing conlrol network. When Ihis happens, Ihe 
e�le"ded eccf)r-prOl'agation �'lu .li"n. de vel oped in 
th,s .'tide mUSI be u sed, willl Ihc unhappy result 
tllal «"juau(}n (10) may nol hold. 

Thi$ situation h.1I$ an"'" tWI«' in thio untury. tn 
tile 1960s, the i ntroduction "r eloclronic dist.n«, 
",e�\"remenl c'l" ipme nt �lIowed new surveys to be 
performed wllh �.ter Jccuracy th.n the e><isting NAD 
v. Thi. evenlu.lly I"d 10 Ih<' «"ation ,,1 NAD 83. 
Now the same s>tu.""n i, Ottumng a&>in. CPS sur
veys can be performed witll &re.tcr .ccuracy than 
NAD 83. II is likely I h.1 this situatiun s<>oncr Or !oler 
will I.�d 10 Ihe computalion 01 a n�w ronlinenl.1 
d.Ium. 
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Appendi)( A: linear Error I'ropasalion 
leI X be " vector of random vJti"bles and lei Y -
f(X) b<> • veClor 01 functions of )C As..ume that the 
covniance m�Iri� ::::�� is known. Th<'n the covAfi.nc.> 
m�trtx 01 Y is 

(12) 

I",th a change 01 n"t�I;on, Ihi. is <""<!uation (4.34) ,,1 
Leick (1990) and e'luauon (4.40) of Mikha,1 (1976). 

Appendi" U: Ef(�d vf Un,,�tlntnted 

PJrameters 
In Ihe .:ample Iravcr-«: shown in Figurt 1, we h�v� 
four points and �igllt roordin.te. a!tllgelher. t..-I us 
p"lll;on th .... inlO IW\I sel •. u,t x" Ix the four ro
u"li".,le. of Ihe h�" new p<.Iints 1 and Z. and leI Xc 
be th� four coordi"otes of tht' Iw" existing control 
p<.Iint< I and J 

Mathematical Development 
The riv� obscrv" Ilnns in the I'" '"Crse shown in Fi&ute 
1 ,nvolv� all ei�hl unknowns. Tho< <-<t u//'''e "bser-

-

"ation '-"lUJIlOns Can be wnucn 

AX",';' BX,,_L.;. V (13) 
where the cov�riJ"ce matrix as!;oci.led wilh the:;c 
liv� lIbse,vahnn. is :::. 

We olso WIsh 10 add rour conSlraint equ�tions fm 
the rootdinates of Ihe nishng control points. We wnle 

Xc-Lc+V,. (1 �) 
WhN� ,h� c.,.ar,anc� main. 3'>OC'�I",1 w"h ,h�.., 
lour co"."alnt «"jUJU""" IS I" 

I� total set of �II '"ne "I"'(lon. " n.ow 

( 16) 

The !I\\lS1 com:ct w�y to t"'AI all thes. dota is to 
perform Ihe minimum-vAriancc adjustment. which;! 
on adj ustmenl of thc CClntplete system (15) using a 
9x9 we ight ""'I,i>: th�1 Is invnsdy p'Op<.lrtion.1 to 
(16). Of rourse. this is almost ncve, d one, sincf' it 
might ",",uit in change$ to the coordinates olth. "". 
isting conlrol poinlS. 

To pedorm • con<traincd a,ljustmcnt, we ",bitr.r· 
ily (I.e., wilholll m"lhc"'�tical jllslificalion) ��t Ihe 
residual. Ve in (14) t" Z",,,. The r�.ult Xc - Lc: is 
substituIN into t<\u.b"n (13), which i. rurranged t" 
,,:ad 

AX" = L - llLc .;. V (17) 
This system of five "b$<:rvation equatiOns in !"ut Un_ 
kn"wns i. adjuoled wilh • weigh.t maln\ IV lha' .. 
invc ..... ly propmlional I(} :E:, yieldinG the eSlln .. te 

XN - (1\'1'11\)-11\'1\'(1. - Dl.d (18) 

Sin"" Ihe roort!in .tcs of Ihe ex isting conlrol pointS 
X" should have been Clrried as unknowns but wen:: 
"QI. Ihoy a,,, called "une.hn,otw p.,amel�"," Even 
tllnllgti ttiM<' ,"""f(linat� • •  '" no' ... ,im'led ;n 'he 
constrained adjustm"nl, we Can .till lak� .",,,unl Q/ 
th�ir dr""t when we potlorm err"r p,,,,....g •• ion 

Th� "'lim�t� in (18) has IWO sourets of e"or-th� 
err"" in the fivt traverse obscrvahnru 1. �nd 'he �,. 
ror$ ill the coordinates of 'he e�i'li"g rontn� 1 ... _ . Sina 
Ihese two group� of 'l".'nhlie� were <I�t",mi"ed by 
di /fere"t I*'>plt .)1 dirr�re nt times, we c.," 'U><lnobly 
,,5�um� IhAlth�� arc indtpendent. Thus Ihe lotal S<"l 
of 'nd�pendent variables I� 

I " (�) 

, 



31'\d the covanance matrix of Ihis ,,«tor is given by 
(16). The partIal derivatives an' 

iiX" .. (oX" oX,,) 
at" .l al.., 

... (("'IVA)�IA'W �(ATWA)_IATWB) (19) 

Th", thr ({>varia"c," m�lrix �xx of the �<tim"le in (18) 
is 

�<X " ((NI'I'Aj-'A'W -(A'IVA)-'A'WIl) (� 0) ( IVA(ArWA)-' ) X 0 Sec -lI'WA(NIVA)-' 
_ (ATIVA)"ArW�IVA(ATWA)-' 

+ (AT\"A)-'A'Wll1:c.:WWA(NWA)-' 
... O,:<ATWAj-' 

... (A'WA)-'ATWH!:.:cU'WA(NwA) I (20) 

Si"ularly. the adjusted v31ue of the five tr�"eT5C 00· 
"ervahon. ;$ 

l' .. AX", ... IH", 

Th� leveling is do"", 10 sp«ihcations that [<"Suli in �n 
un�"";nty of elev'tion differenu of 0.00-lv'R me. 
lers, where K is the length of the ),ne i" kilomcl�rs. 

Of <ou • .." in prarlice we ore nol usu.lly given fo •. 
mal standard errors of Ihe elevations of poin .. ,n the 
national network. h would be "yen nUIf" unuSUJI 
(almoot "nhurd of) were we .ctually to be given. 
form.1 covari"ncc between two ,·tcv�tions. Neverthe· 
less, such numbers do �"5t in plIIu:-ipie, and Ihe 
numbers gi"�n here �re .... �sonable CStomat .... of wh", 
might be obuined in � rut nNwork. Nole th�1 the 
elevation ftrOrS M poin ts G and J h�ve a signi{iC;,nt 
positive ccrrelJtion (0.75). This "Y$ Ihat pOinlS do�p 
logelher .ha .... some of Ihe same error ...... rres. 

We ,.,Ieel a value 0/ the re/e"'n� "ana""" of or. .. 

0.0016 "nd compute the weight,.s 

Ob,. Mod�! v�!u. (n,) Dj�l>nct (km) .' w 
'. �I, - He 5.01) '00 0.0016 • 
'. H, - H, -17.062 "" 0.0032 " 
'. HI - Il, 42.nl "" 0.0016 • 

.. A(ATWA) 'ATWl 

- IA{,\TWAj-'ATW - IJSle (21) The om.,rv�t;on "'luotions >re th�n 

"od the CO\lil,iance ",atrix of the adjusted observa
t Ions is 

1:,., . .. u&A(ATIVAj-'A' 

... [,,(ATWA)-'A'\\, - II 
)( 1l:£:.:cIl'lA{ATWAj-'A'W - I!' (22) 

A Numerical Example 
To k,..,p the ""meri<"lll txample small, we reinterpret 
Figure 110 �. drawing of a leveling network. Points 
G and J are nUW a.sumed to be benchmarks on the 
"l\Iion.l vtrlical network. The ubject of the new Sur

yey is to determine tM elentiolU of th� new points 
1 and 2. Obs<>.nd elevation dHlerenc,"" are II«U
mulated, setup by �tup, between the marked points. 
resulting ,n the fol1owin� observ"tions: 

Ol.>�. 
. , 
" 
. , 

Model 

H, - He 
H. H, 
Ht - H, 

V.lue 1m) 5.013 
17.062 
42.nl 

Distancf (km) '00 
200 
>0, 

The publIshed eiooYalion, of points C and I a," He -

123.113 metcr and H, .. 153.805 meter. From the ad
justment of the nat,onal network, we hove 

"' 
"I 

." 
or, in llliIt,i. f(JTm. 

0 

" 

1).010 m' 0.010 
0.007$ 

0.0075) 
O.llIO 

. (-1�:��) - (-� �)(!�.�) + (::) 42.771 0 1 ·  "., 
·INs is in Ihe form of ",(uotlon (17), SO thai we im" 
medi�tely identify 

Co (-1�:�;) 
42.771 

",. (IU.liJ) 
153.805 

The weight mal"" i� 

We compute 

, 
y, 
, 

• (0.75 025 ' ''
) 

'.15 

an�. by equalion (18), 

, • (H_) _ ( '�"") � H. " 111.041$ 



(20). We gel 

A'WB = (- ' ') , -, 

'0' 

,- '00,,(°·75 -xx" · 0.25 
'_") (0.0090625 
0.75 + 0.00S4375 

(0.0012 0.00G4) (" """" '" 0.000'1 0.0012 + 0.OOSH75 
_ (0.0102625 0.0088375) 

O.OOS837S 0.0102625 

0.IXI84375) 0.0090625 
0.(084375) 0.0090625 

As cxp<x:lcd, Ihe ,,,,cerl.inly of Ihe f",�d rontrol point. 
domin.tu this expres.ion. The uneon.,nliu of the 
�Iovat,onl of the new pOints ore much larger than 
would have been tXpec1ed from the accur.cy with 
which the nCw survey w'S l"'r/o""cd. The elevations 
of two new points or" also highly rorrr!.t�d, sl("lcc 
they share the unce,to;nties of Ihe control points. 

The covaoian<:e matrix of the adjusted observations 
an be found by evalu.ting equation (22). This yields 

:!:<.<, -
0.OOI6 ( 3 -2 -I) 0.010(

' 

-- -2 4 -2 + -- • 
4 _I - 2  3 1

6 
2 

- -0.0008 0.0016 -0.0008 ( -0.0012 -0.0008 -0.0004) -0.0004 -0.0008 0.0012 (0.00125 0.0025 0.(0125) 
+ 0.0025 0.0050 0.0025 

0.00125 0.0025 0.00125 
(0.002045 0.0017 0.0C(85) 

- 0.0017 0.0066 OJ)I)I7 
O.IXK:IM 0.0017 0.1)1)215 

. '
) , . 

. , 

The uncertainty of the filled control points, =pon· 
s,ble fOT Ihe $«Und lerm, also dominates Ihis �.prcs· 
Slon. Furthermore, rememb<'ring th.t the covariMlc.! 
mMrix of Ihe obse,ved qUantiliO!S i. (O.O()!6 (I 

): .. (I 0.0032 
" , o.LJ 

we scc Ihal the second term au<e' the cov.riance 
matrix of the adjusted observations 10 be Jorge< th.n 
the �"()v.rbnce matrix of the aet"al ob$c,,-;>t;ons. 

Appendix C: Minimum Vari�nce 
Adjustment (GauSs·1\larkov Theorem) 

Consider Ihe hnnr mode! 

AX _ l + \, 0' 

in which [h� observ.tion."Tt' Ul,I!ia:sed nnd hov. co. 
vari.1ncc matrix �. We 1001< fot ftn est"".1Ir X of X 
th�t is 

Ben (m [he >e ..... of nun;HlUlH vaTla,l(C). "-' II"" 
r .. .. E[(X-x)(x-x)T] .. a muumu,n 

2 L,,'e:;Ir '" lhe ob>ernuon. L IiO lI,a[ x Ill. for 
lOme /TIlII,.,x B 

, Unb..a<cd. 50 ,hat EjX] _ X 

We musl defin. w)"" lVe me�n by mln;m;/ins • 
COVan3nee matri�. S;n"" Iher. is no strict orde'""g 01 
matrices, we must minimize some sc.ler mn�ur� of 
the ,nalTix. A COmmOn chOice is to minimize the Ir.'ce 
Tr�xx. 

SiOlce the observation. are unbi.sed, EIV] .. 0 and 
ElL] .. AX. Then 

Eli1 - E( Bl] � Ilf.l[.] . IlAX 

and by [he ""b ... >ed propcny. w. mUSI ha'-e lIi\x=�. 
Smce Ih .. must hold irycspe<:tivc of the ""I"" of X. we 
muJ.l h.,. 

8A - [ _ 0  (n' 
If [here are u unknown parameters X, (2.3) reprf"$ents 
1>' se:parate equations. Let A be a matrix of u' 1..10 • 
gTlngc muhiplierS. Thcn 

Trf(BA - [}A] 

repr�senls the sum of aU u' equalions in (23), each 
m"hif'li�d by a t..Igrange muUipli ••. 

!'urthermo •• , since X _  E[X) - Elllt) .. IIclll. IV. 
hove 

x - X .. III - BEll1 " \l(L - E[L!) 

�"" .. E[(X - X)(X - X)'J 
.. IIEUL - EllD(L - Elllrr]Br - In:!!' (2-1) 

Now the problem is to mmimize the 3"smenlW C051 
funclion 

<I- - Tr(B};llr ) + 2Tr{{IIA - I)AI (25) 

TIl" 1$ dOOle b)' <.I,ffcr��tJ.Jlj"g (2�) wnJ. n·'p .... ·' ", 1;1 
:...,J r . �n<.l .ctl"'8 e�oh '�I uf p�rtJal d�"v"uvC' '0 
1.el"O. Wt gel 

" 

'" 
- � 1I � 8A - ! a O  '" 

From (26) w� obtam 

(26) 

(27) 



and ,,''''g (27) 

r ,,,' 

Vol �, No. 

Thul 
"" 

is lhe besl linear u"bi.sed e<l,m.to'. A$ a liMl mQd
irical;"n_ we ,." write to' .. (t!<T� w ;n (28). The 
tw" 'pp" .. ances "f <1; can",,1 e.ch "Ihe" yi¢!dinS the 
ramili., {",m 

x _ (A'WA)" ""WL '''I 


